Published by Institute of Physics Publishing for SISSA/ISAS Received: May 19, 2004 Accepted: July 2, 2004

Pulsating strings on AdS_5 × S^5

Mikael Smedbäck

Department of Theoretical Physics Box 803, SE-751 08 Uppsala, Sweden E-mail: mikael.smedback@teorfys.uu.se

Abstract: We find the anomalous dimension and the conserved charges of an R-charged string pulsating on AdS_5. The analysis is performed both on the gauge and string side, where we find agreement at the one-loop level. Furthermore, the solution is shown to be related by analytic continuation to a string which is pulsating on S^5, thus providing an example of the close relationship between the respective isometry groups.

Keywords: AdS-CFT and dS-CFT Correspondence, Integrable Equations in Physics.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep072004004 /jhep072004004 .pdf

Contents

1. Introduction 1

2. Gauge side 2

3. String side 4

4. Conserved charges 6

5. Conclusions 8

1. Introduction

The AdS/CFT conjecture [1, 2, 3] has lead to a better understanding of both conformal gauge theories as well as string theory in curved spaces. Within this framework, the seminal work of [4] included a discussion of operators of the form Tr Z^{J1} W^{J2} + · · · (built up from the scalars Z and W of the N = 4 SYM supermultiplet) where J_1 ≪ J_2. The dots indicate other permutations of the fields Z and W inside the trace, and in general these states mix among themselves under scaling; only certain linear combinations are eigenstates to the scaling operator. Semiclassical string configurations which usually go beyond the BMN limit (e.g. by taking both J_1 and J_2 to be large) have since been studied extensively [5]– [22]), and are reviewed in [23].

The observation of [24] that the matrix of anomalous dimensions could be mapped to an integrable Bethe spin chain [25] simplified and extended the studies of the corresponding gauge theory [26]–[37] (see also [38, 39]), reviewed in [40]. The original results of [24] were restricted to the group SO(6) at 1-loop level, but were later extended to the full 1-loop SU(2, 2|4) chain [41, 42], taking advantage of previous results on integrability in QCD amplitudes [43, 44] and the QCD dilatation operator [45, 46, 47] (see also [48]–[52]). Progress on higher orders in closed subsectors has also been made [53]–[57].

The integrable spin chain formulation exposes the conserved charges. Conserved charges in the sigma model were first discussed in [58, 59] (see also [60, 61]). Progress on relating the conserved charges on either side to each other by viewing (subsectors of) both sides of the duality as an integrable system was made in [62]–[65] (see also [66]). The work on finding descriptions of the AdS/CFT duality in terms of integrable systems are reviewed in [67].

In this paper, we will analyse a string pulsating on AdS_5 and whose centre of mass is revolving on S^5, both from the gauge and string side (assuming large quantum numbers). From the AdS/CFT conjecture, we expect that the anomalous dimension of the

– 1 – corresponding operator will coincide with the first order energy correction on the string side. Another motivation for studying this configuration is that the conserved charges on either side of the duality can be matched explicitly using integrability.

A third motivation is that our solution will be shown to be related by an analytic continuation to the solution of [31] for a string pulsating and revolving on S^5. This provides an example of the close mathematical relationship between the isometry groups of AdS_5 and S^5; SO(4, 2) and SO(6), respectively. Such relations were discussed in [29], where a first example was given; a string rotating in two planes on S^5 was shown to be related by analytic continuation to a string whose centre of mass is revolving in one plane on S^5 and with one spin in AdS_5. One may speculate that tying together seemingly different solutions in this way may help in providing a bridge between duality checks at the level of individual solutions and higher-level checks. An example of the latter is the recent analysis of the duality at the level of actions [68]–[73].

We will analyse the case at hand from the gauge side and string side in sections 2 and 3, respectively. In section 4 we exhibit the conserved charges on the string side. Our conclusions are presented in section 5.

2. Gauge side

In this section, we will consider operators of the form Tr(DD̄)^B Z^J , which are charged under SO(2, 2). Here, D ≡ D_1 + iD_2, (where D_i are covariant derivatives) and Z is one of the three complex scalars of the N = 4 supermultiplet. Individual operators are formed by linear combinations of different distributions of the D’s and D̄’s over the Z’s. In general mixing occurs under scaling within the full SO(4, 2). However, in the semiclassical limit it turns out that it will be sufficient to consider the bosonic subgroup SO(2, 2) [57], cf. what happens in the SO(6) case [31, 65]. The mapping of the matrix of anomalous dimensions to a hamiltonian of a spin chain will then allow us to find the the eigenvalues of the diagonalized system.

The simple roots of SO(2, 2) are −→α_1 = (1, 1) and −→α_2 = (1, −1). In the infinitedimensional representation of highest weight −→w = (−1, 0), the Bethe equations are ( u_{q,i} + i−→α_q · −→w /2 u_{q,i} − i−→α_q · −→w /2 )_L = n_q∏

j≠i u_{q,i} − u_{q,j} + i−→α_q · −→α_q/2 u_{q,i} − u_{q,j} − i−→α_q · −→α_q/2 ∏ q^′≠q n_q′∏

j u_{q,i} − u_q′_{,j} + i−→α_q · −→α^′_q/2 u_{q,i} − u_q′_{,j} − i−→α_q · −→α^′_q/2 , (2.1) as written in [24] for an arbitrary Lie group, and ( u_{1,i} − i/2 u_{1,i} + i/2 )_L = n_1∏

j≠i u_{1,i} − u_{1,j} + i u_{1,i} − u_{1,j} − i ( u_{2,i} − i/2 u_{2,i} + i/2 )_L = n_2∏

j≠i u_{2,i} − u_{2,j} + i u_{2,i} − u_{2,j} − i (2.2)

– 2 – for SO(2, 2). The anomalous dimension is γ = λ 8π^2 (_{n1} ∑ i=1 1 u^2_{1,i} + 1/4 + n_2∑

i=1 1 u^2_{,i} + 1/4 ) . (2.3)

As indicated, there are n_q roots of the type q. The form of the operator we are looking for is Tr(DD̄)^B Z^J , so the number of sites is L = J. The two root types essentially correspond to creation of D’s and D̄’s, respectively, so we set n ≡ n_1 = n_2 = B.

Assuming that the number of roots is large (so that they can be approximated by a continuous distribution) in the thermodynamic limit (i.e. a large number of sites L) the log of the Bethe equation for the first type of root (after a rescaling u → uL) is 2 α ( − 1 u + 2πm ) = 2 − ∫ C σ(u^′)du^′ u − u^′ , (2.4)

where the line through the integral sign indicates that the singularity at u^′ = u is resolved by taking the principal value of the integral. The contour C is defined by the support of the root density σ(u^′) and its endpoints are a and b. We have defined α ≡ n/L. The integer m corresponds to different branches of the log. The root density is normalized as ∫ C σ(u^′)du^′ = 2 . (2.5)

Reading (2.4) as a force balancing equation, we conclude that the roots are repelled from each other but attracted to the point u = 1/2πm. We therefore expect that the roots will spread out along the contour C passing through this point.

Performing an inverse Hilbert transform on (2.4), the root density is σ(u) = − 1 π^2α

[(u − a)(u − b)]^{1/2} − ∫ C du^′ ( 1 u^′ − 2πm ) 1 u^′ − u 1 [(u^′ − a)(u^′ − b)]^{1/2}

. (2.6)

The multivalued function [· · · ]^{1/2} has a cut along the segment of the real axis coinciding with the contour C. Calculating the integral by deforming the contour and picking up the residue at u^′ = 0, we get σ(u) = − i παu √ ab [(u − a)(u − b)]^{1/2} . (2.7)

The endpoints a and b of the contour C are determined by inserting (2.7) into equations (2.4) and (2.5). This results in the two equations √ ab = 1 2πm a + b =

1 + 2α πm . (2.8)

In particular, this means that for non-negative (i.e. physical) values of α, the endpoints of the contour will lie on the positive real axis (for positive m) and the contour will pass through the point u = 1/2πm, as expected.

– 3 –

Now define the resolvent W (u^′) ≡ ∫ C du σ(u) u^′ − u . (2.9)

By deforming the contour and picking up residues at u = 0, u = u^′ and u = ∞, the resolvent becomes [31, 63] −αW (u^′) = 1 u^′ [ 1 − √ (1 − 2πmu^′)^2 − 2α(4πmu^′) ] + πm . (2.10)

The square root denotes the branch which coincides with the principal branch for small u^′. One of the virtues of the resolvent is that it determines the first part of the anomalous dimension (2.3) in the thermodynamic limit:

γ_1 = − λα 16π^2L

W^′(0) . (2.11)

Inserting (2.10) into (2.11), we get

γ_1 = + λm^2 2L α(1 + α) . (2.12)

According to (2.2), the two root types behave symmetrically and do not interact. Due to the trace condition, which in this case takes the form j=L∏ j=1 (u_{1,j} + i/2)(u_{2,j} + i/2) (u_{1,j} − i/2)(u_{2,j} − i/2) = 1 , (2.13)

the second type of roots spread out along along the segment [−b, −a] of the negative real axis, so (2.3) becomes

γ = γ_1 + γ_2 = 2γ_1 = + λm^2 L α(1 + α) = + λm^2B J^2 ( 1 + B J ) . (2.14)

The conformal dimension is Δ = 2B + J, in terms of which

γ = m^2λ

Δ^2 − J^2

4J^3

. (2.15)

3. String side

In [8], a string pulsating on AdS_5 or S^5 was considered. In [31], the latter configuration was generalized to include a rotation in one plane on S^5. In this section, we will consider the closely related sigma model description of a string pulsating on AdS_5 and whose centre of mass is revolving on S^5. Restricting the motion to the subspace AdS_3 × S^1 means that the isometry group contains a factor isomorphic to SO(2, 2), hence matching the set of operators considered in section 2.

– 4 –

The metric on AdS_5 × S^5 will be written

ds^2_{AdS5} = dρ^2 − cosh^2 ρdt^2 + sinh^2 ρ(dθ^2 + cos^2 θdΦ^2_1 + sin^2 θdΦ^2) ds^2_S5 = dγ^2 + cos^2 γdϕ^2_3 + sin^2 γ(dΨ^2 + cos^2 Ψdϕ^2_1 + sin^2 Ψdϕ^2) . (3.1)

We will use the notation ϕ ≡ ϕ_3. The relevant metric for the AdS_3 × S^1 subspace of the full space is ds^2 = dϕ^2 + dρ^2 − cosh^2 ρdt^2 + sinh^2 ρdθ^2 . (3.2)

We assume that the string is wrapped around the azimuthal angle θ on AdS_3. We then use the ansatz ϕ = ϕ(τ) , ρ = ρ(τ) , t = τ , θ = mσ . (3.3) The integer m allows for multi-wrapping. We will consider t and θ to be gauge fixed. The Nambu-Goto action is S = −m √ λ ∫ dt sinh ρ √ cosh^2 ρ − ϕ̇^2 − ρ̇^2 . (3.4)

The energy π_t ∝ H and the spin π_ϕ are conserved. The dynamical momenta are

π_ρ = m √ λρ̇ sinh ρ √ cosh^2 ρ − ϕ̇^2 − ρ̇^2

(3.5)

and π_ϕ = m √ λϕ̇ sinh ρ √ cosh^2 ρ − ϕ̇^2 − ρ̇^2

. (3.6)

The hamiltonian is then given by

H^2 = (π_ρρ̇ + π_ϕϕ̇ − L)^2 = cosh^2 ρ(π^2_ρ + π^2_ϕ + m^2λ sinh^2 ρ) . (3.7)

Following [31], we now consider the term V (ρ) = m^2λ cosh^2 ρ sinh^2 ρ to be a perturbation. A hermitean form of the unperturbed hamiltonian operator acting on a wave function is then Ĥ^2_0 Ψ(ρ) = cosh ρ(π̂^2_ρ + π̂^2_ϕ) cosh ρΨ(ρ), i.e.

Δ^2Ψ(ρ) = −(cosh ρ)∇^2(cosh ρ)Ψ(ρ) + J(J + 4) cosh^2 ρΨ(ρ), (3.8)

where ∇^2 = 1 sinh^3 ρ cosh ρ ∂ ∂ρ sinh^3 ρ cosh ρ ∂ ∂ρ . (3.9)

J and Δ are non-negative integers. Introducing x =^1_{cosh2 ρ} and restricting to even integers J = 2j, Δ = 2a transforms (3.8) into − x^{7/2} 1 − x d dx (1 − x)^2 x d dx 1 x^{1/2} Ψ(x) + j(j + 2)Ψ(x) − a^2Ψ(x) = 0 . (3.10)

– 5 –

The power series ansatz

Ψ(x) = λ=∞∑ λ=0 a_λx^{k+λ} (3.11)

results in an indicial equation with two solutions. The solution which keeps all terms finite on the interval 0 ≤ x ≤ 1 is k = j + 5/2. Hence, the recursion relation becomes a_λ = −a_{λ−1} (a + 1 + λ + j)(a − 1 − λ − j) λ(λ + 2 + 2j)

, (3.12)

whose solution is

a_p = (−1)^p ( a − j − 2 p ) (a + j + 1 + p)! (p + 2j + 2)!

. (3.13)

Inserting this into (3.11) gives the wave functions, whose normalized forms are

Ψ(x) = 2 √ a(a − j − 1) (a − j − 1)! √ a + j + 1 1 x^{j−1/2} ( d dx )_{a−j−1} x^{a+j+1}(1 − x)^{a−j−2} . (3.14)

The first order correction to the energy is

ΔE^2 = ∫ dτΨ(x)V (x)Ψ(x) = 2a(a + j + 1)(a − j − 1) (j + 1)(2j + 1)(2j + 3)

, (3.15)

where dτ is the volume element. The energy to first order and for large quantum numbers is then E = Δ + γ, where γ = m^2λ

Δ^2 − J^2 4J^3

. (3.16)

This agrees with the expected anomalous dimension (2.15).

4. Conserved charges

On the gauge side, the mapping of the matrix of anomalous dimensions to a hamiltonian of an integrable spin chain immediately provides all conserved charges in terms of the resolvent. Following [63], the recent paper [64] demonstrates that for the R-charge assignment (J_1, J_2, J_2) on S^5, the charges on the string side precisely match those on the gauge side (at the 1-loop level). In our case, the 1-loop resolvent is (2.10). On the string side, the corresponding generator is essentially given by the quasi-momentum, as discussed in [65]. In this section, we will follow the procedure outlined in [65] to exhibit the quasi-momentum for the case at hand.

We are assuming that the string is moving on an AdS_3 × S^1 subspace. The AdS_3 space can be described as the hypersurface −X^2_1 − X^2_2 + X^2_3 + X^2_4 = 1 in R^4 . Defining W ≡ X_1 + iX_2 and Z ≡ X_3 + iX_4, this space can be equivalently described as an SU(1, 1) group manifold using the map ( Z W W̄ Z̄ ) = g ∈ SU(1, 1) . (4.1)

– 6 –

As an ansatz for the string pulsating on AdS_3 and revolving on S^1 we use W = sinh ρe^{iθ} Z = cosh ρe^{it} (4.2)

In this section we will use the Polyakov action in unit gauge, S = √ λ 4π ∫ dσdτ [ ∂Z∂Z̄ − ∂W ∂W̄ − (∂X_5)^2 ]

= − √ λ 4π ∫ dσdτ [ 1 2 Tr(g^{−1}∂_αg)^2 + (∂X_5)^2 ] (4.3)

(hence choosing X_3 and X_4 to be time-like). In this description, we will no longer consider t(τ) to be gauge fixed. By the equations of motion, ϕ ≡ X_5 = Qτ. The action is invariant under constant shifts along the circle, so Q √ λ ≡ J is the conserved charge corresponding to the spin.

The action (4.3) is also invariant under constant left and right shifts of the group elements, g → hg and g → gh. The corresponding charge is the energy

E = + √ λQ_l = − √ λQ_r = − √ λṫ cosh^2 ρ . (4.4)

In the following, we will restrict our considerations to the time τ when ρ(τ) = t(τ) = 0. Then E^2 λ = ṫ^2 = ρ̇^2 + Q^2 , (4.5)

where the last equality follows from the constraint corresponding to fixing the gauge in the Polyakov action.

Defining ∂_± ≡ ∂_τ ± ∂_σ and currents j_± ≡ g^{−1}∂_±g, it follows from the constraint ZZ̄ − W W̄ = det(g) = 1 that

0 = ∂_+j_− − ∂_−j_+ + [j_+, j_−] . (4.6)

This coincides with the consistency condition [L, M] = 0 for the linear problem LΨ = MΨ = 0, where

L = ∂_σ + 1 2 ( j_+ 1 − x − j_− 1 + x )

M = ∂_τ + 1 2 ( j_+ 1 − x + j_− 1 + x ) . (4.7)

Explicitly, the first equation is

∂_σΨ = x x^2 − 1 ( iQ_l ρ̇e^{imσ} ρ̇e^{−imσ} −iQ_l ) Ψ . (4.8)

Considering Ψ to be a vector of the type Ψ = ( Ae^{ip+σ/2π} Be^{ip−σ/2π} ) (4.9)

– 7 – provides a family of solutions^1 to (4.8), provided that the condition [ x^2 − 1 2π (p_± ∓ πm) ]_2 + (xρ̇)^2 = [ m(x^2 − 1) 2 − xQ_l ]_2 (4.10)

is satisfied. Consequently, each root p_±(x) will be double-valued. Subtracting the poles from one of the sheets of p_− (with a branch cut along the positive real axis), the resolvent is

G(x) = 2π x^2 − 1 [ −xQ + {[ m 2 (x^2 − 1) − xQ_l

]_2

− (xρ̇)^2 }_{1/2}] − πm . (4.11)

Rescaling x → 4πQx, the leading contribution for large quantum numbers (λ → 0 in Q = J/ √ λ and Q_l = E/ √ λ) is

−G_0(x) = 1 2x [ 1 − √ (1 − 2πmx)^2 − 2α(4πmx) ] + πm . (4.12)

The square root denotes the branch which coincides with the principal branch for small x. It is proportional to the resolvent (2.10) on the gauge theory side. Since the charges are generated by the odd part of the resolvent, this shows that the charges on the gauge and string side match.

5. Conclusions

We considered a string pulsating on AdS_5 and revolving on S^5. The anomalous dimension (2.15) agrees with the first order energy correction (3.16), as expected from the AdS/CFT conjecture. In terms of α ≡^n_J =^{Δ−J}_{2J} , these results become

γ = m^2λ 1 J α(1 + α) . (5.1)

Consider analytically continuing this result to the unphysical region α < 0 by Δ → −J_1 and J → −L. This takes α → −α_{EMZ} ≡^{J1−L}_{2L} , i.e. γ → m^2λ 1 L α_{EMZ} (1 − α_{EMZ} ) . (5.2)

This is the result^2 of [31] for a string pulsating and revolving on S^5, which together with our result provides a complete description for all real values of α; for α < 0, the string pulsates and revolves on S^5. As α is turned to positive values,^3 the string starts pulsating on AdS_5 instead (while still revolving on S^5). On the gauge side, the corresponding operator forms are Tr(ZZ̄)^{(L−J1)/2}X^{J1} and Tr(DD̄)^{(Δ−J)/2}Z^J , respectively.

1The ansatz p±(x) = a(x) ± πm is helpful.

2Our definition of αEMZ differs by a factor of 2 from that of [31].

3Note that we assumed large quantum numbers. As J → 0, the thermodynamic limit is no longer valid. The behaviour of the anomalous dimension in the strong coupling region is discussed in [8]. A similar phenomenon occurs in [29].

– 8 –

This description can be compared to the extension of [29] to the results of [28]. In [28], operators of the form Tr Z^{J1} W^{J2} were considered, corresponding to strings rotating in two planes on S^5. It was shown in [29] that the replacements J_1 + J_2 → −J, J_2 → S and γ → −γ turned the system of Bethe equations^4 and anomalous dimensions into a description of operators of the form Tr D^S Z^J , corresponding to strings rotating both on AdS_5 and S^5.

Let us also mention that the presence of an integrable structure on both sides of the duality is manifested in our case by the agreement of the corresponding generators of conserved charges, (2.10) and (4.12). For the string pulsating on S^5, considered in [31], the corresponding check was carried out in [65].

Acknowledgments

I am very grateful to J. Minahan for helpful discussions and support during the course of this work, and for useful comments on the manuscript. I would also like to thank J. Engquist, L. Freyhult and K. Zarembo for conversations.

References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Gauge theory correlators from non-critical string theory, Phys. Lett. B 428 (1998) 105 [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2 (1998) 253 [hep-th/9802150].

[4] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang-Mills, J. High Energy Phys. 04 (2002) 013 [hep-th/0202021].

[5] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/string correspondence, Nucl. Phys. B 636 (2002) 99 [hep-th/0204051].

[6] S. Frolov and A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdS_5 × S^5, J. High Energy Phys. 06 (2002) 007 [hep-th/0204226].

[7] J.G. Russo, Anomalous dimensions in gauge theories from rotating strings in AdS_5 × S^5, J.

High Energy Phys. 06 (2002) 038 [hep-th/0205244].

[8] J.A. Minahan, Circular semiclassical string solutions on AdS_5 × S^5, Nucl. Phys. B 648 (2003) 203 [hep-th/0209047].

[9] A.A. Tseytlin, Semiclassical quantization of superstrings: AdS_5 × S^5 and beyond, Int. J.

Mod. Phys. A 18 (2003) 981 [hep-th/0209116].

[10] S. Frolov and A.A. Tseytlin, Multi-spin string solutions in AdS_5 × S^5, Nucl. Phys. B 668 (2003) 77 [hep-th/0304255].

4In the present case and on the level of Bethe equations in the thermodynamic limit, taking α → −αEMZ turns (2.4) into the corresponding equation in [31].

– 9 –

[11] S. Frolov and A.A. Tseytlin, Quantizing three-spin string solution in AdS_5 × S^5, J. High Energy Phys. 07 (2003) 016 [hep-th/0306130].

[12] S. Frolov and A.A. Tseytlin, Rotating string solutions: AdS/CFT duality in nonsupersymmetric sectors, Phys. Lett. B 570 (2003) 96 [hep-th/0306143].

[13] G. Arutyunov, S. Frolov, J. Russo and A.A. Tseytlin, Spinning strings in AdS_5 × S^5 and integrable systems, Nucl. Phys. B 671 (2003) 3 [hep-th/0307191].

[14] A. Khan and A.L. Larsen, Spinning pulsating string solitons in AdS_5 × S^5, Phys. Rev. D 69 (2004) 026001 [hep-th/0310019].

[15] G. Arutyunov, J. Russo and A.A. Tseytlin, Spinning strings in AdS_5 × S^5: new integrable system relations, Phys. Rev. D 69 (2004) 086009 [hep-th/0311004].

[16] A. Mikhailov, Speeding strings, J. High Energy Phys. 12 (2003) 058 [hep-th/0311019]. [17] J. Stefanski, B., Open spinning strings, J. High Energy Phys. 03 (2004) 057 [hep-th/0312091].

[18] H. Dimov and R.C. Rashkov, Generalized pulsating strings, J. High Energy Phys. 05 (2004) 068 [hep-th/0404012].

[19] M. Alishahiha and A.E. Mosaffa, Circular semiclassical string solutions on confining AdS/CFT backgrounds, J. High Energy Phys. 10 (2002) 060 [hep-th/0210122].

[20] M. Alishahiha and A.E. Mosaffa, Semiclassical string solutions on deformed NS5-brane backgrounds and new pp-wave, hep-th/0302005.

[21] M. Alishahiha, A.E. Mosaffa and H. Yavartanoo, Multi-spin string solutions in AdS black hole and confining backgrounds, Nucl. Phys. B 686 (2004) 53 [hep-th/0402007].

[22] F. Bigazzi, A.L. Cotrone and L. Martucci, Semiclassical spinning strings and confining gauge theories, hep-th/0403261.

[23] A.A. Tseytlin, Spinning strings and AdS/CFT duality, hep-th/0311139. [24] J.A. Minahan and K. Zarembo, The Bethe-Ansatz for N = 4 super Yang-Mills, J. High Energy Phys. 03 (2003) 013 [hep-th/0212208].

[25] H. Bethe, On the theory of metals, 1. Eigenvalues and eigenfunctions for the linear atomic chain, Z. Phys.71 (1931) 205.

[26] N. Beisert, C. Kristjansen, J. Plefka and M. Staudacher, Bmn gauge theory as a quantum mechanical system, Phys. Lett. B 558 (2003) 229 [hep-th/0212269].

[27] A.V. Belitsky, A.S. Gorsky and G.P. Korchemsky, Gauge/string duality for QCD conformal operators, Nucl. Phys. B 667 (2003) 3 [hep-th/0304028].

[28] N. Beisert, J.A. Minahan, M. Staudacher and K. Zarembo, Stringing spins and spinning strings, J. High Energy Phys. 09 (2003) 010 [hep-th/0306139].

[29] N. Beisert, S. Frolov, M. Staudacher and A.A. Tseytlin, Precision spectroscopy of AdS/CFT, J. High Energy Phys. 10 (2003) 037 [hep-th/0308117].

[30] A. Gorsky, Spin chains and gauge/string duality, hep-th/0308182. [31] J. Engquist, J.A. Minahan and K. Zarembo, Yang-Mills duals for semiclassical strings on AdS_5 × S^5, J. High Energy Phys. 11 (2003) 063 [hep-th/0310188].

– 10 –

[32] T. Klose and J. Plefka, On the integrability of large-N plane-wave matrix theory, Nucl. Phys.

B 679 (2004) 127 [hep-th/0310232].

[33] X.-J. Wang and Y.-S. Wu, Integrable spin chain and operator mixing in N = 1, 2 supersymmetric theories, Nucl. Phys. B 683 (2004) 363 [hep-th/0311073].

[34] B. Chen, X.-J. Wang and Y.-S. Wu, Integrable open spin chain in super Yang-Mills and the plane-wave/SYM duality, J. High Energy Phys. 02 (2004) 029 [hep-th/0401016].

[35] C. Kristjansen, Three-spin strings on AdS_5 × S^5 from N = 4 SYM, Phys. Lett. B 586 (2004) 106 [hep-th/0402033].

[36] M. Lubcke and K. Zarembo, Finite-size corrections to anomalous dimensions in N = 4 SYM theory, J. High Energy Phys. 05 (2004) 049 [hep-th/0405055].

[37] L. Freyhult, Bethe ansatz and fluctuations in SU(3) Yang-Mills operators, J. High Energy Phys. 06 (2004) 010 [hep-th/0405167].

[38] A.V. Belitsky, A.S. Gorsky and G.P. Korchemsky, Gauge/string duality for QCD conformal operators, Nucl. Phys. B 667 (2003) 3 [hep-th/0304028].

[39] G. Ferretti, R. Heise and K. Zarembo, New integrable structures in large-N QCD,

hep-th/0404187.

[40] L.D. Faddeev, How algebraic Bethe Ansatz works for integrable model, hep-th/9605187.

[41] N. Beisert, The complete one-loop dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 676 (2004) 3 [hep-th/0307015].

[42] N. Beisert and M. Staudacher, The N = 4 SYM integrable super spin chain, Nucl. Phys. B 670 (2003) 439 [hep-th/0307042].

[43] L.N. Lipatov, High-energy asymptotics of multicolor QCD and exactly solvable lattice models, Sov. Phys. JETP Lett. 59 (1994) 596 [hep-th/9311037].

[44] L.D. Faddeev and G.P. Korchemsky, High-energy QCD as a completely integrable model, Phys. Lett. B 342 (1995) 311 [hep-th/9404173].

[45] V.M. Braun, S.E. Derkachov and A.N. Manashov, Integrability of three-particle evolution equations in QCD, Phys. Rev. Lett. 81 (1998) 2020 [hep-ph/9805225].

[46] V.M. Braun, S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Baryon distribution amplitudes in QCD, Nucl. Phys. B 553 (1999) 355 [hep-ph/9902375].

[47] A.V. Belitsky, Renormalization of twist-three operators and integrable lattice models, Nucl.

Phys. B 574 (2000) 407 [hep-ph/9907420].

[48] A.V. Belitsky, Fine structure of spectrum of twist-three operators in QCD, Phys. Lett. B 453 (1999) 59 [hep-ph/9902361].

[49] A.V. Belitsky, Integrability and WKB solution of twist-three evolution equations, Nucl. Phys.

B 558 (1999) 259 [hep-ph/9903512].

[50] S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Evolution equations for quark gluon distributions in multi- color QCD and open spin chains, Nucl. Phys. B 566 (2000) 203 [hep-ph/9909539].

[51] A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Superconformal operators in N = 4 super-Yang-Mills theory, hep-th/0311104.

– 11 –

[52] A.V. Belitsky, S.E. Derkachov, G.P. Korchemsky and A.N. Manashov, Quantum integrability in (super) Yang-Mills theory on the light-cone, hep-th/0403085.

[53] N. Beisert, C. Kristjansen and M. Staudacher, The dilatation operator of N = 4 super Yang-Mills theory, Nucl. Phys. B 664 (2003) 131 [hep-th/0303060].

[54] N. Beisert, The SU(2|3) dynamic spin chain, Nucl. Phys. B 682 (2004) 487 [hep-th/0310252].

[55] D. Serban and M. Staudacher, Planar N = 4 gauge theory and the Inozemtsev long range spin chain, J. High Energy Phys. 06 (2004) 001 [hep-th/0401057].

[56] N. Beisert, V. Dippel and M. Staudacher, A novel long range spin chain and planar N = 4 super Yang-Mills, hep-th/0405001.

[57] J.A. Minahan, Higher loops beyond the SU(2) sector, hep-th/0405243. [58] G. Mandal, N.V. Suryanarayana and S.R. Wadia, Aspects of semiclassical strings in AdS_5, Phys. Lett. B 543 (2002) 81 [hep-th/0206103].

[59] I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 × S^5 superstring, Phys.

Rev. D 69 (2004) 046002 [hep-th/0305116].

[60] B.C. Vallilo, Flat currents in the classical AdS_5 × S^5 pure spinor superstring, J. High Energy Phys. 03 (2004) 037 [hep-th/0307018].

[61] L.F. Alday, Nonlocal charges on AdS_5 × S^5 and pp-waves, J. High Energy Phys. 12 (2003) 033 [hep-th/0310146].

[62] L. Dolan, C.R. Nappi and E. Witten, A relation between approaches to integrability in superconformal Yang-Mills theory, J. High Energy Phys. 10 (2003) 017 [hep-th/0308089].

[63] G. Arutyunov and M. Staudacher, Matching higher conserved charges for strings and spins, J. High Energy Phys. 03 (2004) 004 [hep-th/0310182].

[64] J. Engquist, Higher conserved charges and integrability for spinning strings in AdS_5 × S^5, J.

High Energy Phys. 04 (2004) 002 [hep-th/0402092].

[65] V.A. Kazakov, A. Marshakov, J.A. Minahan and K. Zarembo, Classical/quantum integrability in AdS/CFT, J. High Energy Phys. 05 (2004) 024 [hep-th/0402207].

[66] R. Roiban, On spin chains and field theories, hep-th/0312218.

[67] G. Arutyunov and M. Staudacher, Two-loop commuting charges and the string/gauge duality,

hep-th/0403077.

[68] M. Kruczenski, Spin chains and string theory, hep-th/0311203.

[69] M. Kruczenski, A.V. Ryzhov and A.A. Tseytlin, Large spin limit of AdS_5 × S^5 string theory and low energy expansion of ferromagnetic spin chains, hep-th/0403120.

[70] H. Dimov and R.C. Rashkov, A note on spin chain/string duality, hep-th/0403121. [71] R. Hernandez and E. Lopez, The SU(3) spin chain sigma model and string theory, J. High Energy Phys. 04 (2004) 052 [hep-th/0403139].

[72] J. Stefanski, B. and A.A. Tseytlin, Large spin limits of AdS/CFT and generalized Landau-Lifshitz equations, J. High Energy Phys. 05 (2004) 042 [hep-th/0404133].

[73] A.V. Ryzhov and A.A. Tseytlin, Towards the exact dilatation operator of N = 4 super yangmills theory, hep-th/0404215.

– 12 –